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:فصل ًْن 
Mechanical Vibration

ارتعاشات هكاًيكي
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Dynamics 96-97-2

 Free vibration(  تدٍى ًيرٍي خارجي)ارتعاش آزاد ذرُ يا ًقطِ هادي 

ارتعاش آزاد ًا هيرا

ارتعاش آزاد آًٍگ سادُ  

ارتعاش آزاد جسن صلة

Conservation of energy اصل حفظ اًرژي هكاًيكي   

Forced vibration(   تا ًيرٍي خارجي)ارتعاش زٍري 

Damped free vibrationتا هيرائي   ارتعاش آزاد

Damped forced vibration  ارتعاش زٍري تا هيرائي

Mechanical Vibration 4



kxf  Mass on a Horizontal spring

Differential Equation

x

o
kxxm 
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( تدٍى ًيرٍي خارجي)ارتعاش آزاد ذرُ يا ًقطِ هادي 
Free Vibrations of Particles  (Simple Harmonic Motion)

k k
x Asin t B cos t

m m

   
       

    0B x

0 nA v 
n

k

m
 

n is the natural circular frequency
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W=T=kδst

g

g

Mass on a Vertical spring
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Dynamics 96-97-2 Mechanical Vibration

• If a particle is displaced through a distance xm from its 

equilibrium position and released with no velocity, the 

particle will undergo simple harmonic motion,

 
0

ma F W k x kx

mx kx

st     

 

• General solution is

   

k k
x A sin t B cos t

m m

A sin t B cos tn n 

   
       

   

 

• x is a periodic function and n is the natural 

circular frequency of the motion.

• A and B are determined by the initial conditions:

   x A sin t B cos tn n   0B x

0 nA v    v x A cos t B sin tn n n n     

n

k

m
 
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   txx nm sin

2
n

n





  period






 2

1 n

n
nf

natural  frequency

   2
0

2
0 xvx nm  amplitude

   
nxv  00

1tan phase angle

• Displacement is equivalent to the x component of the sum of two vectors

which rotate with constant angular velocity 
1 2C C A B  
   

.n

0

0

n

vA

B x



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   txx nm sin

• Velocity-time and acceleration-time curves can be represented by sine curves of 

the same period as the displacement-time curve but different phase angles.

 

 2sin

cos











tx

tx

xv

nnm

nnm



 

 









tx
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nnm

nnm

sin
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2

2


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Dynamics 96-97-2 Mechanical Vibration

The graphs show:
 (a) displacement as a 

function of time

 (b) velocity as a 
function of time

 (c ) acceleration as a 
function of time

The velocity is 90o

out of phase with the 
displacement and the 
acceleration is 180o

out of phase with the 
displacement 
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Initial conditions at t = 0 
are

 x (0)= A

 v (0) = 0

This means  = 0

The acceleration reaches 
extremes of ± 2A

The velocity reaches 
extremes of ±  A

SHM Example 1
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SHM Example 2

Initial conditions at

t = 0 are

 x (0)=0

 v (0) = vi

This means  =  /2

The graph is shifted one-
quarter cycle to the right 
compared to the graph of 
x (0) = A
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Simple Pendulum (Approximate Solution)

• Results obtained for the spring-mass system can be applied 

whenever the resultant force on a particle is proportional to the 

displacement and directed towards the equilibrium position.

for small angles, 

 

0

2
2

g

l

sin t

l

g

m n

n
n

 

   


 



 

 

 



F m at t

• Consider tangential components of acceleration and force for 

a simple pendulum,

0sin

sin









l

g

mlW




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
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آًٍگ سادُ
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Simple Pendulum (Exact Solution)

0sin  
l

gAn exact solution for

leads to 

 



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آًٍگ سادُ
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• For each spring arrangement, determine 

the spring constant for a single 

equivalent spring.

• Apply the approximate relations for the 

harmonic motion of a spring-mass 

system.
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كيلَگرهي در دٍ سيستن هتفاٍت تِ دٍ فٌر هتصل گرديدُ    50تلَک :  هثال 
هيليوتر از حالت تعادل تِ سوت پائيي كشيدُ   40اگر تلَک تِ اًدازُ . است

حداكثر ( فركاًس ّر يک از سيستن ّا ، ب( الف: هطلَتست : ٍ رّا گردد
حداكثر شتاب تلَک( سرعت تلَک  ٍ   ج
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1 24 kN m 6 kN mk k 
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1 24 kN m 6 kN mk k 
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Free Vibrations of Rigid Body ارتعاش آزاد جسن صلة

for small angles
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Free Vibrations of Rigid Body
• If an equation of motion takes the form

0or0 22   nn xx 
• the corresponding motion may be considered as simple 

harmonic motion.  

• Analysis objective is to determine n.

     mgWmbbbmI  ,22but  2
3
222

12
1

0
5

3
sin

5

3
 

b
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b

g 

g

b

b

g

n
nn

3

5
2

2
,

5

3
then  




 

• For an equivalent simple pendulum, 35bl 

• Consider the oscillations of a square plate

      ImbbW  sin

Dynamics 96-97-2 Mechanical Vibration

ارتعاش آزاد جسن صلة
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k

• From the kinematics of the system, relate the 

linear displacement and acceleration to the 

rotation of the cylinder.

• Based on a free-body-diagram equation for the 

equivalence of the external and effective forces, 

write the equation of motion.

• Substitute the kinematic relations to arrive at an 

equation involving only the angular displacement 

and acceleration.
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تِ حالت ًشاى دادُ شدُ هعلق ًگْداشتِ شدُ است كِ   Wديسک تا ٍزى :  هثال 
.فركاًس طثيعي ديسک: هطلَتست . رّا هيگردد
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  :  effAA MM   IramrTWr  22
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s13.1

lb20

n 





W

s93.1n

The disk and gear undergo torsional 

vibration with the periods shown.  Assume 

that the moment exerted by the wire is 

proportional to the twist angle.

Determine a) the wire torsional spring 

constant, b) the centroidal moment of inertia 

of the gear, and c) the maximum angular 

velocity of the gear if rotated through 90o and 

released.

• Using the free-body-diagram equation for 

the equivalence of the external and 

effective moments, write the equation of 

motion for the disk/gear and wire.

• With the natural frequency and moment 

of inertia for the disk known, calculate 

the torsional spring constant.

• With natural frequency and 

spring constant known, 

calculate the moment of inertia 

for the gear.

• Apply the relations for simple 

harmonic motion to calculate 

the maximum gear velocity.
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s13.1

lb20

n 





W

s93.1n

SOLUTION:

• Using the free-body-diagram equation for the equivalence 

of the external and effective moments, write the equation of 

motion for the disk/gear and wire.

  : 
effOO MM

0

K I

K

I

 

 

  

 





K

I

I

K

n
nn 




 2

2


• With the natural frequency and moment of inertia for the 

disk known, calculate the torsional spring constant.

2
2

2

2
1 sftlb 138.0

12

8

2.32

20

2

1

















 mrI

K

138.0
213.1  radftlb27.4 K
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s13.1

lb20

n 





W

s93.1n

• With natural frequency and spring constant known, 

calculate the moment of inertia for the gear.

27.4
293.1

I


2sftlb 403.0 I

• Apply the relations for simple harmonic motion to 

calculate the maximum gear velocity.

nmmnnmnm tt   sinsin

rad 571.190 m

  


















s 93.1

2
rad 571.1

2 






n
mm

srad11.5m

Dynamics 96-97-2 Mechanical Vibration 24



Principle of Conservation of Energy

T V const.  2 21 1
2 2

2 2 2

n
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   
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 
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 
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2 2 2 251 1
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  

   bgn 53
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اصل حفظ اًرژي هكاًيكي 
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Determine the period of small 

oscillations of a cylinder which rolls 

without slipping inside a curved 

surface.

SOLUTION:

• Apply the principle of conservation of 

energy between the positions of maximum 

and minimum potential energy. 

• Solve the energy equation for the natural 

frequency of the oscillations.
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01 T   

  2

cos1

2

1

mrRW

rRWWhV









   

  22

4
3

2
2

2
2
1

2
12

2
1

2
2
12

2
1

2

m

mm
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rRm

r

rR
mrrRm

IvmT




















 


 02 V

SOLUTION:

• Apply the principle of conservation of energy between the 

positions of maximum and minimum potential energy. 

2211 VTVT 
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2211 VTVT 

    0
2

0 22

4
3

2

 m
m rRmrRW 

 

      22

4
3
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2 mnm
m rRmrRmg 




rR

g
n




3

22
g

rR

n
n




2

3
2

2







01 T   22
1 mrRWV 

  22

4
3

2 mrRmT  02 V

• Solve the energy equation for the natural 

frequency of the oscillations.
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Forced Vibrations

:maF 

  xmxkWtP stfm  sin

tPkxxm fm sin

Forced vibrations - Occur 

when a system is subjected 

to a periodic force or a 

periodic displacement of a 

support.

f forced frequency

Dynamics 96-97-2 Mechanical Vibration

( تا ًيرٍي خارجي)ارتعاش زٍري 
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:maF 

  xmtxkW fmst   sin

tkkxxm fm  sin

f forced  frequency
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  f

x x x

Asin t B cos t x sin t

comp. part.

n n m  

 

  

   222
11 nf

m

nf

m

f

m
m

kP

mk

P
x





 








tPtkxtxm fmfmfmf  sinsinsin2 

Substituting particular solution into governing equation,

tkkxxm fm  sin

tPkxxm fm sin
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At f = n, forcing input is in 

resonance with the system.
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A motor weighing 350 lb is supported 

by four springs, each having a 

constant 750 lb/in.  The unbalance of 

the motor is equivalent to a weight of 

1 oz located 6 in. from the axis of 

rotation.  

Determine a) speed in rpm at which 

resonance will occur, and b) 

amplitude of the vibration at 1200 

rpm.

SOLUTION:

• The resonant frequency is equal to the 

natural frequency of the system.

• Evaluate the magnitude of the periodic 

force due to the motor unbalance.  

Determine the vibration amplitude 

from the frequency ratio at 1200 rpm.
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SOLUTION:

• The resonant frequency is equal to the natural frequency of 

the system.

ftslb87.10
2.32

350 2m

 

ftlb000,36

inlb30007504



k

W = 350 lb

k = 4(750 lb/in)

rpm 549rad/s 5.57

87.10

000,36




m

k
n

Resonance speed = 549 rpm
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W = 350 lb

k = 4(750 lb/in)

rad/s 5.57n

• Evaluate the magnitude of the periodic force due to the 

motor unbalance.  Determine the vibration amplitude from 

the frequency ratio at 1200 rpm.

  2

2

1200 rpm  125.7 rad/s

1 lb 1
1 oz 0.001941 lb s ft

16 oz 32.2ft s

f

m

   

  
    

  

    lb 33.157.125001941.0
2

12
6

2



 mrmaP nm

   

in 001352.0

5.577.1251

300033.15

1
22









nf

m
m

kP
x



xm = 0.001352 in. (out of phase)
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Damped Free Vibrations

• With viscous damping due to fluid friction,

:maF   

0



kxxcxm

xmxcxkW st





• Substituting x = elt and dividing through by elt yields the 

characteristic equation,

m

k

m

c

m

c
kcm 










2
2

22
0 lll

• Define the critical damping coefficient such that

nc
c m

m

k
mc

m

k

m

c
220

2

2










• All vibrations are damped to some degree by forces due to 

dry friction, fluid friction, or internal friction.
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ارتعاش آزاد تا هيرائي
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• Characteristic equation :

m

k

m

c

m

c
kcm 










2
2

22
0 lll

 nc mc 2 critical damping coefficient

• Heavy damping :  c > cc

1 2x Ae Be
t tl l

 
- negative roots 

- nonvibratory motion

• Critical damping :  c = cc

  nx A Bt e
t

 
 - double roots 

- nonvibratory motion

• Light damping :  c < cc

   
2

x e A sin t B cos t
c m t

d d  












2

1
c

nd
c

c
 damped  frequency
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d

1x 2x

1t 2t

x

t
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Period   d = 2/d
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Graphs of position 
versus time for
 (a) Light damped 

oscillator

 (b) a critically 
damped oscillator 

 (c) Heavy damped 
oscillator

For critically damped 
and heavy damped 
there is no angular 
frequency

Types of Damping
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Damped Forced Vibrations ارتعاش زٍري تا هيرائي

tPkxxcxm fm sin 

x x xcomp. part. 
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      
  

 











2

222

1

2
tan

21

1

nf

nfc

nfcnf

m

m

m

cc

cc

x

kP

x









magnification 

factor

phase difference between forcing and steady 

state response

41


